
Chomsky Hierarchy
1956

Regular=DFA=NFA

CFL=PDA

CSL=LBA
Computably
enumerable

Is LBA=DLBA
(DSPACE(n)=NSPACE(n))?

LBA=coLBA?

Time & Space
Complexity Classes:

Hartmanis & Stearns '65

P

L(ogspace)

PSPACE

EXP

EXPSPACE

Most computations in
algebraic geometry are
EXPSPACE-complete (see

Grobner bases)

Time Hierarchy
Theorem

P \neq EXP

Space Hierarchy
Theorem

L \neq PSPACE \neq
EXPSPACE

Blum Axioms for
Complexity Measures

Hierarchy Theorem

Gap Theorem

Speed-Up Theorem

Brute force search
(perebor) 1972/3

NP

Automated theorem
proving

Does encoding matter? Berman-Hartmanis
Isomorphism Conjecture that no

Tape Head Reversals

Circuit Complexity

Shannon Thm: most
functions require exp

size circuits
Circuit lower bounds

P/poly

Advice classes

If true, NP-complete
sets must be dense

Fortune & Mahaney's
Theorems (NP-complete

sets are dense
unconditionally)

=P^SPARSE

What if NP is contained
in P^SPARSE=P/poly?

Karp-Lipton Theorem:
NP in P/poly collapses

PH

PH

Formula Minimization -
doesn't seem to be in

NP (but is in Sigma_2 P)

Can techniques from
pre-1970 resolve

complexity questions?
P vs NP: no

Additional problems
outside of P that are in

P iff P=NP

Regan's Class H Def. 6.3
in

What about PH
collapsing?

O(1)-depth circuit lower
bounds

Folklore that parity
can't be implemented

on programmable logic
arrays

Parallel complexity

DET

LOGCFL

NC

AC

NC^1 in L in NL in DET in
NC^2 in P

Minimization ("critical")
problems like chromatic

number
DP

Linear programming
approaches to NP-hard

problems (e.g. TSP
polytope)

Facets of TSP polytope

NL in LOGCFL in AC^1 in
NC^2

OPEN: Is NC^2=AC^1
union DET?

P-completeness

OPEN: Can Euclidean
algorithm for GCD be

parallelized? (seems to
be between NC and P-

complete)

NL(ogspace)

Complexity of graph
connectivity

Extension Complexity

Non-negative rank of
real matrices

Exponential lower
bound on *symmetric*

extensions of TSP
polytope

20 years later: exp
lower bound on

arbitrary extensions of
cut polytope

exp lower bound on
arbitrary extensions of

TSP polytope

Muir 1882 (sic!): Why is
the permanent so hard
to compute when det is

so easy?

Counting complexity #P

perm is #P-complete

Toda's Thm: #P and PP
are PH-hard

Simpler proof of Toda's
Thm

Randomized complexity
classes

BPP

RP, coRP, ZPP

Polynomial Identity
Testing in coRP

Problems in BPP \ (RP
union coRP)?

PP

BPP is in P/poly

NP in BPP collapses PH

BPP is in 2nd level of PH

What is a "positive
combinatorial formula"

in combinatorics?

Complexity of Graph
Isomorphism

In NP. Is it NP-
complete? (Asked by
Cook & Levin in the

papers introducing NP)

#GI=GI, so unlikely to be
NP-complete by Toda's

Thm

Babai '16 quasi-poly
algorithm (or even

previous Babai-Luks '83
2^sqrt(n)) would violate

Exponential Time
Hypothesis if GI were

NP-complete

Exponential Time
Hypothesis

Search GI = decision GI,
as w/ most NP-complete

problems

OPEN: Is it in coNP?
(Would be strong

evidence against NP-
completeness)

Is in coAM! AM=BPP+NP.
(GI is one of the reasons

AM was introduced)

If GI is NP-complete,
then PH collapses (b/c
PH collapses if NP in

coAM)

Formalizing proof
systems, cryptographic
protocols, "knowledge

complexity"

P^#P is in IP

NEXP=MIP=PCP[poly(n),
poly(n)]

Probabilistically
Checkable Proofs, PCP

Theorem:
NP=PCP[log(n),O(1)]

IP=PSPACE

IP: Multiple rounds of
interaction between

BPP & NP to prove
something

AM=IP[O(1)]

P=BPP is equivalent to
lower bounds
"Hardness vs
Randomness"

QIP=PSPACEMIP*=CE

Quantum Computing

BQP

QMA
Explanation w/o

knowing any physics

2019 Raz-Tal Oracle
separating BQP from PH

Quantum Circuit
Complexity

Simpler proof

Proof from quantum

Kabanets-Impagliazzo:
derandomizing PIT

equivalent to algebraic
circuit lower bounds

Algebraic complexity (#
arithmetic operations)

Matrix multiplication

Valiant observes most
e�cient algorithms

reduce to Det, perm is
VNP-complete -> perm v

det conjecture

Burgisser: Cook's vs
Valiant's Hypothesis

(NP not in P/poly
implies VP neq VNP) Permanent requires

exp-size *monotone*
circuits

Monotone complexity
Monotone lower

bounds & extension
complexity

Depth reduction

VP=VNC^2

Agrawal-Vinay: Chasm
at depth 4 (!)

Tavenas: Tighter
reduction to depth 4

and depth 3

Linear Programming vs
Integer Linear

Programming e.g.
Lasserre book

NEXP in P/poly iff
NEXP=AM

Geometric Complexity
Theory (GCT) - online
series going on now!

OPEN: Isomorphism
Conjecture for VNP

OPEN: Is Bellman-Ford
optimal for graph

connectivity?

If P vs NP independent
of ZFC, then NP has

nearly-polytime
algorithms

Barrington's Theorem:
NC^1=width-5

permutation branching
programs

Barrington-Therien:
�nite monoids and the
�ne structure of NC^1

PSPACE survives
constant-width

bottlenecks (Cai-Furst)

NL=coNL (Immerman-
Szelepscenyi)

coNP, NP vs coNP

Hajos Calculus for
proving graphs

uncolorable

Proof complexity

Survey by Pitassi &
Tzameret on algebraic

proof complexity

Razborov 2016 survey in
SIGACT News

Nordstorm survey for
SAT practitioners

(slides)

Implied by IPS proof
complexity lower

bounds

Problems
w/ unique
solutions,

guaranteed
solutions

UP

TFNP: factoring, local
optimization, �xed
points, Sperner's
Lemma, bimatrix

equilibria

PPAD: existence proved
by parity argument

Valiant-Vazirani Thm:
NP randomly reduces to

UP

Does NP=UP imply PH
collapses?

Computing solutions
uniquely collapses PH

OPEN: Oracle rel to
which NP=UP and PH

doesn't collapse to
second level

Complexity of checking
outputs vs evaluating

functions

Subclasses of BQP that
can be simulated in

(BP)P

Stabilizer circuits

Some reduce to
determinant

Holographic
(accidental) algorithms

- �nd reductions by
solving polynomial

systems of eqns https://
doi.org/10.1109/

FOCS.2006.7

Holographic algos: from
art to science

Dichotomies for
counting problems
using holographic

techniques
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Blue=starting idea/question
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